Estimates of some integrals related to variations of smooth functions are presented.
Statement of the problem and the result
Let Q be a closed cube in R n , and Q 1 be a neighbourhood of Q. Consider a twice differentiable function σ : Q 1 → R . Suppose that second partial derivatives of σ are uniformly bounded, and |σ| < 1 in Q. Coordinates in R n are x 1 , . . . , x n . Denote dµ = dx 1 . . . dx n the volume element in R n . Let f : (0, 1] → R be a strictly decreasing positive smooth function such that f (ξ) √ ξ is bounded and 
Integrals are understood in the sense of Riemann. The integrand in the last integral is defined by continuity at points x where σ = 0: there it equals 0.
where C 1 , C 2 are positive constants, i.e. values that do not depend on a.
This proposition with f (ξ) = | ln(ξ)| is contained in the thesis of the author [2] . It is presented here for the sake of reference. In [2] it is used to obtain estimates of probability of capture into resonance in systems with degeneracies.
Proof of Proposition 1
In this proof c i are positive constants, i.e. values that do not depend on a.
Appearance such a constant in the proof means the assertion that such a constant exists.
Proof of existence of integrals
Divide Q into cubes with a side l > 0. Denote Q 1 the union of cubes that contain points, where ∂σ/∂x ≤ l; Q 2 = Q \ Q 1 . Then ∂σ/∂x < c 1 l in Q 1 . Because ∂σ/∂x > l in Q 2 , the set {x : σ(x) = a, x ∈ Q 2 } is a union of a finite number of smooth hypersurfaces. Therefore the function Φ = ∂σ/∂x a is discontinuous in Q 2 only on a finite number of smooth hypersurfaces. Thus this function is integrable in Q 2 . Therefore there exists a partition of Q 2 into sets such that on each of these sets the oscillation of Φ does not exceed l. Consider the union of this partition and Q 1 . This is a partition of Q. On each set of this partition the oscillation of Φ does not exceed l + c 1 l. Because l is arbitrarily small, Φ is integrable on Q. Thus Γ 1 (a) exists. Similarly, one can prove that Γ 2 (a) exists.
2.2
Reduction to the case of one variable
where
and notation is similar to that in (1.1). Similarly, one can estimate Γ 2 (a).
where constants c 2 and c 3 can be expressed via c 1 and d.
This lemma and the transformation of integrals above imply Proposition 1.
2.3
Proof of Lemma 2.1 
as required.
The set Λ h can be represented as a union of intervals [α r , β r ], 1 ≤ r ≤ r 1 ≤ q + 1 < dh −1 + 1. On [α r , β r ] the function ψ is monotonous (because |dψ/dz| > 0.5l). Therefore
Choose l = √ a. Then we get the required estimate
Result of n. 1 
which contradicts to the definition of y 0 . Therefore
Repeating this reasoning we find that y 0 ν = χ ν − χ ν−1 = c 2 ( √ κ ν+1 − √ κ ν ), ν = 2, . . . , k.
Proof of Lemma 2.4 .
where κ ν < κ * ν < κ ν+1 (ν = 2, ..., k). Therefore
Notice that κ 1 = a, κ k+1 = 1. In the limit as θ → 0 we get 
